We consider the motion of a fluid of infinite depth which arises when a horizontal cylinder of circular cross-section oscillates with small amplitude about a mean position, in which the axis of the oylinder is assumed to lie in the mean surface. It is further assumed that the resulting motion is two-dimensional; this assumption is justified when the cylinder is long compared with a wave-length, or when the fluid is contained between vertical walls at right angles to the axis of the cylinder. Expressions are obtained for the wave motion at a distance from the cylinder, and for the increase in the inertia of the cyUnder due to the presence of the fluid.
Introduction
A OYIJNDEB of circular section is immersed in a fluid with its axis in the free surface. If the cylinder is given a forced simple harmonic motion of small amplitude about its initial position, a surface disturbance is set up in which waves travel away from the cylinder, and a stationary state is rapidly attained. When the oylinder is very long or when the fluid is contained between vertical walls at right angles to the axis of the cylinder, the velocity component parallel to the axis of the cylinder vanishes and the moj-ion is two-dimensional. It is well known that at a distance of a few wave-lengths from the cylinder the motion on each side is described by a single regular wave-train travelling away from the oylinder, and that the wave-amplitude is proportional to the amplitude of oscillation of the cylinder, provided that the latter is sufficiently small compared with the radius of the cylinder, and that the wave-length is not much smaller than the diameter of the cylinder.
In this paper it will be shown how the fluid motion can be calculated when the oylinder is oscillating vertically. The foregoing assumptions will be made, and viscosity and surface tension will be neglected. Then a velocity potontial and a conjugate stream function exist, and it will be assumed that terms involving their squares may be neglected. From the potential or the stream function it is easy to deduce the wave-amplitude at a distance from the cylinder and the added mass of the oylinder due to the fluid motion. 
Formulation of the problem
Take the origin of rectangular Cartesian coordinates at the mean position of the axis of the cylinder. The x-axis is horizontal and perpendicular to the axis of the cylinder, the j/-axis is vertical, y increasing with depth. Define polar coordinates by the equations x = r sin 0, # = r cos 0. Since the motion is symmetrical about the y-axis, it is sufficient to consider the quadrant 0^0^ far. 
It remains to express the boundary condition on the cylinder. This is that the velocity component normal to the boundary just insiilr -lio fluid is equal to the corresponding component of the velocity of tin-cylinder. Suppose that the ordinate of the axis of the cylinder is
Then at (osina, ooosa+Zcos(a<+e)), the normal velooity is 1 dih dy / = -£ oos at, a da at and to the first order this condition holds at (osina, a cos a), whence \p = laaeiix(at+e)saD.d on r = a.
(E) It is required to find a velocity potential and a stream function satisfying the boundary conditions (C), (D), and (E), and representing a diverging wave-train at infinity. To this end a series of non-orthogonal harmonic polynomials will be constructed satisfying (C) and (D); these will be superposed to satisfy (E) for values of Ka less than 3ir/2 by a numerical process. It is shown that when Ka is less than 1-5, this is permissible, and it will be supposed that the process is permitted in the wider range.
Construction of polynomial set
It is easily verified that the set of stream functions
J sin is suoh that the conjugate velocity potentials satisfy (C) and (D), while on r = a it takes the values sin 2m0+----sin(2m-1)0.
2m-1
It is dear on physical grounds that this set is not closed on r = o, since the sum of functions of the set tends to zero as r tends to infinity, whereas in fact the stream function for large r must represent a diverging wavetrain. It is therefore necessary to add a function satisfying (C) and (D) and representing such a train of waves, e.g. the function describing a^ource at the origin (of. ref. The functions of the dosed set must be superposed so as to satisfy (E), and sinoe there are no singularities on the cylinder, ip must be continuous on r = a when 0 < 0 < \n. Suppose, then, that the stream function ip is expressed in the form
where the coefficients p^Ka), q^Ka) are assumed to be of order l/«i s .
This series converges uniformly outside and on r = a. On r = a the function ^ is a multiple of sin 9, by condition (E), i.e. putting r = a, i; 0)cos at+%(Ka; 9)mn ot+ 
I
Then the stream function on the cylinder is given by
whence by comparison with condition (E) the ratio wave-amplitude amplitude of forced oscillation
•nKa

Calculation of the coefficients A{Ka) and B{Ka)
The coefficient* p Sm , q tm are the roots of an infinite number of equations in an infinite number of unknowns. For purposes of calculation, the system of equations was replaced by a system involving only a finite number of the polynomials /^(Ka; 6). The functions were evaluated at = 0°(10°)90° by quadrature, with Ka/n = I i, I f, |, 1, 11 and the polynomials f t (Ka; 6),...,f iN (Ka; 8) were fitted at these values by least squares, the corresponding coefficients being
The least squares condition provides a set of N simultaneous linear equations for p^Ka; N) and similarly for q^Ka; N). The matrix of the equations is symmetrical and the terms on the principal diagonal are larger than any other terms in the same row (except for the first row). The system could therefore be solved conveniently by relaxation methods. Trial calculations were carried out and it was found that an expansion in terms of six polynomials was adequate, giving a close fit at the chosen values of Ka and 9. Table 1 shows various functions of Ka to three significant figures. When the cylinder is in the free surface, the reaction of the fluid is no longer in phase with the acceleration. There is a component in quadrature whioh does a positive amount of work in each cycle and is thus simply related to the wave-amplitude. The component in phase with the acceleration does no work: it consists partly of a hydrostatio force which dominates the motion for small values of Ka, and which is easily seen to be where y is the displacement of the cylinder. More interesting is the part due to the wave motion which will now be calculated. The velocity potential <f> is easily derived from the stream function. It is given bŷ Table 1 . It follows that the force component in phase with the acceleration is while the acceleration is
=-(A sin at-B cos at). nKa
The virtual mass is their ratio It can be shown that as Ka -> 0, *i21og2-y= -0-46, where y is Euler's constant. Hence the hydrodynamio inertia ooefficient tends to infinity like log{l/(.Ko)}, while the hydrostatio coefficient tends to infinity like ir/(2Ka).
The work done by the cylinder in a cycle must be equal to the energy transmitted by the waves at a distance from the cylinder in the same time. In terms of the various parameters, M$ A-N o B = ^TT 8 . This relation may be used to ohedk the computations.
Discussion of results
The computations show that the amplitude ratio
•uKa is small for small values of Ka/n and increases as Kajn increases, until
Kafir is approximately 0-6. As Ka/ir increases beyond this value, the amplitude ratio decreases steadily throughout the range of computation. This effect may be ascribed to interference between waves originating from different parts of the cylinder surface. Qualitatively similar behaviour is exhibited by oylinders of various other sections. As Kafir tends to zero, the amplitude ratio tends to 2Ka. It may be shown that this result, which is in agreement with Holstein's approximate theory (ref. 4) , is still valid for oylinders of section other than circular, provided that 2o denotes the horizontal diameter in the surface (beam). The inertia coefficient is of order 1 through the greater part of the range, except near Ka = 0, where it tends to infinity. On the other hand, the hydrostatic inertia coefficient tends to infinity even more rapidly, whence it may be concluded that in very slow heaving the deformation of the surface does not cause a significant change in the force on the cylinder. These results-may be compared with the measurements made by Holstein (ref. 5) on a cylinder of rectangular section. Holstein measured the amplitude of the waves for various mean depths of immersion of the lower edge. When the depth is equal to about half the beam the amplitude should be comparable to that due to a circular cylinder. It is found that theory and experiment are consistent in the range of measurement (0-5 < Kafir < 0-8). Holstein's experiments on virtual mass (ref. 
m-l
This expansion must converge uniformly throughout the range 0 ^ 6 ^ \n\ it has been assumed in the text that functions p^x) exist such that
A proof that, in fact, P«»(*) = 0(l/»i») (1) will now be given when a; is assumed small (\x\ < 1*5). 
m-1
<.
We first prove the following Substitute in equation (2) and equate coefficients of x n ; then a$>sin2m0= -0(6)
Suppose further that the infinite series in equations (5) and (6) Note. The foregoing proof applies only when \x\ < 1-5, but it has been assumed that the theorem is valid in a larger range including |i| < 1-5.
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